Abstract-We present two methods for measuring the noise temperature of a differential input single-ended output (DISO) Low-Noise Amplifier (LNA) connected to an antenna. The first method is direct measurement of the DISO LNA and antenna in an anechoic chamber at ambient temperature. The second is a simple and low-cost noise parameter extraction of the DISO device using a coaxial long cable. The reconstruction of the DISO noise parameter from the noise wave measurements of the DISO LNA with one terminated input port is discussed in detail. We successfully applied these methods to the Murchison Widefield Array LNA and antenna.
I. INTRODUCTION
Differential input single-ended output (DISO) Low-Noise Amplifiers (LNAs) are widely used in low-frequency radio telescopes, for example the Murchison Widefield Array (MWA) [1] , [2] , the Low-Frequency Array (LOFAR) [3] , [4] , Low-Frequency Square Kilometer Array (SKA-Low) prototypes [5] , [6] , the Long Wavelength Array (LWA) [7] - [9] and the Giant Ukrainian Radio Telescope (GURT) [10] . In these examples, the differential input of the LNAs are connected directly to a balanced antenna which is typically a dipole-type antenna. Particularly at the low end of the frequency band, these antennas are strongly mismatched to standard 50 Ω (or 100 Ω for a differential port) offered by a typical measurement instrument. Hence, the noise temperature of the LNA (T LNA ) connected to the antenna may differ significantly from T LNA to a matched source and must be accounted for appropriately.
There are two common approaches to making this measurement. One way is to measure the LNA connected to the antenna using sky noise and ambient noise from absorbers as hot/cold sources [11] , [12] . A related approach is use room temperature load as hot source and cooled load as cold source [13] . The other is to use knowledge of LNA noise parameters and the antenna reflection coefficient (Γ AUT ) to calculate the noise temperature, T LNA (Γ s ) [14] - [16] . However, these standard approaches are not easily applicable to low-frequency radio astronomy (tens to hundreds of MHz). The hot/cold approach works well at microwave frequencies because relatively narrow beamwidth can be achieved with a reasonable AUT size. This is not the case at low frequencies. Furthermore, in the frequency range of tens to hundreds of MHz, the average sky noise (T sky ≈ 60λ 2.55 K) transitions from being hotter to cooler than ambient temperature at about 160 MHz such that hot/cold contrasts are difficult to discern around this frequency.
The noise parameters approach often suffers from lack of noise parameter information which could be cost-prohibitive to obtain. For example, in the case of the MWA (80-300 MHz), the LNA data sheet does not provide noise parameters below 500 MHz [17] . Although commercial-off-the-shelf impedance tuners are available for the frequency of interest, they are costly and sometimes multiple tuners have to be purchased to cover the entire frequency range. In addition, the impedance tuners are single-ended devices while the DISO LNA has two inputs. It is desirable to obtain the noise parameters of the LNA in its DISO configuration directly as opposed to combining two single-ended input single-ended output (SISO) LNAs in simulation.
This paper discusses a few contributions to overcome these challenges. We address both direct measurement and noise parameter extraction. For direct measurement, we demonstrate an intuitive measurement method that involves placing the antenna connected to the LNA in an anechoic chamber acting as an ambient (cold) noise source. Regarding noise parameter extraction of a DISO device, we discuss an extraction technique using a cold long cable without an input balun and a method to combine the measurement results to correctly reconstruct the DISO noise parameters. The results will be demonstrated with measurement of an MWA DISO LNA.
Finally, we review our contributions in comparison to existing literature. The theory for multiport noise parameter extraction has been discussed in [18] , [19] and demonstrated using a passive four-port network. This paper provides an example and gives simple theory for noise parameter extraction of an important class of 3-port active devices (i.e., DISO LNA). Noise parameter extraction using long cables has been used in low-frequency radio astronomy cosmology [20] , [21] , however, the LNAs in question are SISO devices. Furthermore, we address in detail the question of proper selection of the long cable. Ideal calculation of DISO noise parameters using known constituent SISO noise parameters is discussed in [22] .
We assume no prior knowledge of SISO noise parameters and the reconstruction of the DISO noise parameters relies purely on measured quantities using the actual DISO LNA board. The immediate context of this paper is noise temperature of a single DISO LNA connected to one antenna. Hence, noise coupling that occurs in a low-frequency radio astronomy arrays [23] , [24] is not reflected in the results. However, the direct measurement method we discuss may be applied to an antenna array if it is placed in a sufficiently large anechoic chamber. In addition, the noise parameter extraction method and the results thereof are useful for noise coupling calculation in an array environment.
This paper is organized as follows. Sec. II and Sec. III provide a high-level overview of the direct measurement and the DISO noise parameter extraction techniques. Sec. IV discusses specific considerations for successful measurement and presents measurement results. Uncertainty estimates for both methods are given in Sec. V. Sec. VI presents our conclusions.
II. DIRECT MEASUREMENT
This method is inspired by the "cold-source" noise figure measurement technique employed by Keysight Precision Network Analyzer (PNA-X) [25] . Here, we modify the technique to accept the ambient noise temperature emitted by the anechoic chamber as cold noise source as shown in Fig. 1 . Also, this measurement involves differential to single-ended S-parameters. The noise flow diagram is given in Fig. 2 to clarify the measurement strategy. Figure 1 : A depiction of direct measurement of a DISO LNA connected to an antenna by placing them in an anechoic chamber. P disp is the displayed noise power, M is the mismatch loss at the input of the noise receiver (RX), G RX P B is the power gain-bandwidth product of the RX, G A is the available gain of the LNA [26] , [S] = [S dd11 , S ds12 ; S sd21 , S ss22 ] is the differential to single-ended S-parameters of the LNA; Γ in and Γout are the input and output reflection coefficients [26] , respectively.
In Figs. 1 and 2 , noise measurement is performed by the noise receiver (RX) which displays the noise power, P disp . The quantity of interest is T LNA (Γ s ). The available input noise is the ambient noise temperature, T in = T 0 . Fig. 2 suggests
where k is the Boltzmann constant. After rearranging, it can shown be that
To find T LNA (Γ s ), we need to obtain the available gain of the LNA
which requires the measurement of reflection coefficient of the antenna under test (AUT) where Γ s = Γ AUT and the two differential to single-ended S-parameters [27] , [28] shown above. We also need the mismatch factor of the RX
which requires measurement of the input reflection coefficient of the RX, S
RX
11 . In addition, we require the power gainbandwidth product G RX P B and the noise temperature of RX T RX given that it sees Γ out at its input. We obtain the latter two quantities through RX calibration described next. Noise receiver calibration consists of two steps: measuring power gain-bandwidth of the RX and extraction of noise parameters of the RX.
A. Noise Receiver Calibration
1) Power Gain-Bandwidth Measurement: The power gainbandwidth is obtained using a matched (Γ = 0) hot/cold noise source as follows. Connect a hot/cold source to the input of the RX, then measure
where
2 ) is the only remaining term in (4) for Γ = 0. Taking the difference, we get
The excess noise ratio, ENR = (T H − T C )/T 0 , is assumed known a priori. This allows us to write
is the power gain of the RX that relates the power injected to its input to the displayed power.
2) RX Noise Parameter Extraction: For any ambient temperature noise source, the knowledge of G RX P B enables us to infer T RX for arbitrary Γ by measuring P disp .
where M is (4) with Γ out replaced with Γ. The receiver noise temperature is
To extract the noise parameters (T min RX , Γ opt RX , N RX ) of the RX, we present a number of Γ n 's using an open circuited long cable and a matched cold source. The resulting T RX for a given Γ n is given by
This measurement technique is similar to [15] except for the use of ambient temperature cable [20] as a noise source. We will discuss the details of this step in Sec. IV. For now, it suffices to say that the RX noise parameters may be extracted by measuring T RX (Γ n ) for four or more Γ n 's.
B. Summary of the Direct Measurement Method
1) Calibrate the RX. Obtain power gain-bandwidth product, G RX P B; measure S RX 11 and then obtain noise parameters:
3) Connect the LNA to the antenna in the anechoic chamber and measure Γ out of the LNA connected to the antenna. 4) Measure P disp with the antenna connected to the LNA. 5) Measure the antenna reflection coefficient in the anechoic chamber, Γ AUT . Obtain (3) and (4). 6) Calculate T LNA (Γ AUT ) using (2).
III. DISO NOISE PARAMETER EXTRACTION

A. Multiport Noise Figure and Parameters
We apply the multiport noise factor expression as a function of port reflection coefficient and the correlation matrix of the Figure 4 : The three-port device representing a nominal DISO device. In the final product, ports 1 and 2 are excited as a differential port. a i and b i are the incident and reflective waves, respectively. c i is the intrinsic noise wave [14] - [16] . incident noise waves [29] to the network in Fig. 4 . The noise factor expression for output port 3 is:
where we are using the single-ended port numbering convention for now and (.) H is the conjugate transpose operation. However, (11) is sufficiently general to handle the single-ended to differential port conversion as we will see later.
is the intrinsic noise correlation matrix. This is the unknown matrix of interest (with 9 unknowns). S is the S-parameter matrix obtained through vector network analyzer (VNA) measurements. A is the incident noise correlation matrix due to thermal noise of the terminations relative to kT 0 and Γ is the source reflection coefficient matrix. In-depth discussion of A and Γ is given in [29] ; however, this is not critical for our current purpose because, for a DISO device, these matrices take on simplified and intuitive forms as we will discuss in Sec. III-D. Subscript . 3,3 refers to the entry at the 3rd row and 3rd column. The key here is to recognize that the noise parameters of a DISO device is fully described by (12) . The question now is how to populateN with as few measurements as possible.
B. Three-Port to Two-Port Noise Wave Conversion
The relationship between S parameters, a i , b i , and c i in Fig. 4 is given by [16] 
The 3-port S-parameters are known through measurement. We extract the noise parameters of an "effective" two-port device at a time, with the unused port terminated with a resistive load. These noise parameters are convertible to noise waves [14] , [16] and vice versa. such that a 2 = a n2 (where |a n2 | 2 = kT 0 ) [30] . Port 1 is connected to the open circuited long cable 1 (similar to Sec. II-A2) to extract the noise parameters of the effective two-port. Relating only ports 1 and 3, we obtain
The intrinsic noise correlation matrix of the effective twoport is:
The desired quantities are |c 1 | 2 , |c 3 | 2 , and c 1 c * 3 in the right-hand-side (RHS) of (16)- (18) which are four out of the nine unknowns in (12) . These quantities are extracted from the measured noise correlation matrix of the effective two-port through knowledge of the S-parameters of the device under test (DUT) and the ambient temperature.
2) Terminating Port 1: Repeat the process above by terminating port 1 and connecting port 2 to the open circuited long cable. We obtain 
For a DISO LNA, it is reasonable to omit this step by assuming that crosstalk between the inputs of the constituent singleended (SE) amplifiers is negligible ( c 2 c * 1 ≈ 0).
C. Measurement Steps for DISO Noise Parameter Extraction
In brief, the measurement steps are as follows:
2) Terminate port 2, source pull port 1 (Γ s2 = 0, Γ s1 ) using an o.c. long cable or a source tuner. Extract the noise parameters and then convert them to the effective two-port noise waves |c e1 | Then, using (16)- (18) 
D. Interpreting the Measurement Results for a DISO Device
We combine ports 1 and 2 into a differential port 1 (d1). Port 3 becomes the new single-ended port 2 (s2). The noise factor expression becomes
is the differential to single-ended 2-port S parameters obtained by converting the single-ended S-parameters to mixed-mode S-parameters [28] and selecting the relevant DISO entries.
is the differential source reflection coefficient. For a DUT connected to a differential-input antenna, such as the MWA bow-tie antenna,
where S ant ij is a single-ended S parameter of the antenna under test (AUT) as shown in the Fig. 6 . The bottom right entry of Γ d1 is zero, which represents matched termination at the output of the DISO device. 
is the DISO noise correlation matrix (obtained through singleended to mixed-mode conversion similar to S ds ) in which N (1,1) ds
. If desired, the noise parameters of the DISO device may be calculated by converting (28) to noise parameters. Finally,
The top left entry represents an ambient temperature differential noise at the input of the DISO device. In our context, this is the noise at the differential AUT port where the AUT is surrounded by thermal noise at ambient temperature. This completes the measurement and interpretation steps. The noise temperature of the DISO device (in this case, the LNA) for arbitrary source reflection coefficient is given by (see Appendix)
where χ = S sd21 Γ s /(S dd11 Γ s − 1).
IV. MEASUREMENTS
A. Cable Selection
The expression in (10) can be transformed into a linear function with four coefficients [15] . The relationship of the coefficients to DUT temperature is given by
where the vector t = [T 1 , T 2 , . . . , T m ] T contains the DUT temperature for a given Γ n = γ n e jθn at the input, the X matrix is the source reflection coefficient matrix which includes contributions from matched (γ n = 0) and mismatched sources of equal row lengths; a = [a, b, c, d] T contains the four coefficients.
The conversion between a and noise parameters are as follows [15] 
When using an o.c. cable as the mismatched source, we rely on frequency variation to generate various Γ n 's. Within this frequency window, we assume that a is relatively constant. We assign the resulting noise coefficients, a, from the least squares solution to the center frequency (f a ) of the window
where f 1 is the start frequency and f m is the end frequency. Moving the window by one frequency step ∆, moves f a by that same amount. This is the method we use to obtain a as a function of frequency. The window size is determined as follows [15] 
where v c is the phase velocity of the cable and L is the cable length. The size of W L in (34) is such that Γ completes one full rotation on the Smith Chart. For the frequency range of 50-350 MHz, window size of a few MHz is reasonable. This translates to cable lengths of ∼ 20 − 30 m. In addition, the selected cable must produce a well-conditioned matrix X T X for the least squares
where (.) T represents a transpose operation. Fig. 7 shows the expected condition number for a few example coaxial cables where the cable losses in increasing order are, LMR1700, LMR600, LMR400, RG223. To achieve a condition number below 50, the o.c cable reflection coefficient must be within the bounds 0.69 < |Γ| < 0.89. To estimate a low condition number for comparison, we obtain the minimum condition number from 1000 random trials involving seven random impedances and seven γ = 0 points (total of 14 points) to form matrix X at every trial. The result of this experiment is condition number of 20. We select a 20 m LMR400 cable as it provides consistently low condition numbers ( ∼ 30 to ∼ 50) throughout the frequency band of interest (50-350 MHz) and is reasonably close to the outcome of the random trials. A low condition number guarantees linear independence in X and lowers uncertainties in a. Similar work of minimizing uncertainties in measured noise parameters by means of four impedance points selection using an impedance tuner is discussed in [31] . Our selected cable with frequency window as given in (34) satisfies the bounds in |Γ|. The combination of this cable choice and a matched load samples all of the required regions on the Smith Chart given in [31] .
To further minimize ripples in the extracted parameters, we use a weighting scheme that places the highest weight at the center frequency which linearly decreases away from the center. This scheme is the triangular weighting scheme proposed in [15] 
where w is a column vector containing the weights, W is a m × 4 matrix formed by duplicating w four times and (•) represents an element by element multiplication (Hadamard Product). The window size that we use under this scheme is
as it results in smoother a(f ) when compared to the proposed factor of 2 in [15] .
B. Noise Receiver Calibration
We turn on the RX's pre-amplifier (Keysight N9030-90017 [32] ) to achieve the lowest noise figure. Based on our selected cable, we expect ripples in P disp with period of W L = 6.3 MHz. Therefore, we select resolution bandwidth (RBW) of 100 kHz to resolve the ripple. To reduce uncertainty by a factor of 50 in the measurement of P disp , we average 2500 samples for each power measurement.
To calibrate the RX, we use a 15 dB ENR noise source (Agilent 346B) which is a device with the highest ENR in our lab. A high ENR results in less uncertainty due to higher contrast between the displayed power during the hot/cold measurement. Following the steps in II-A, the extracted noise parameters of the RX are shown in Fig. 8 . (2) shows that for a DUT with 20 dB gain (as we expect for the MWA LNA), the contribution of T RX to the cascaded noise is reduced by a factor of 100.
C. Direct Measurement Results
Fig . 9 shows the measurement setup of the DUT and test equipments for direct noise measurement. Although not shown, the vector network analyzer (VNA) follows a similar setup with three cables entering the anechoic chamber. The DUT is an MWA LNA (DISO device) which has been allowed to reached thermal equilibrium prior to measurement. Fig. 10 shows that the reference plane for S-parameter measurement is the SMA connectors while the antenna is connected to the connectors soldered to to bottom of the circuit board. We found that a slight delay of 38 ps which translates to a phase shift of ≈ 2.7
• at 200 MHz is, in fact, not negligible to the direct measurement. The SMA connectors have deembedded from the final result.
D. DISO Noise Parameter
We follow the steps in Sec. III-C. Figure 11 shows the extracted noise parameters of the two SISO devices where we terminate the unused input port with a matched load. The measured T min , N and |Γ opt | are reasonable and physically possible throughout. Following this verification, we proceed by combining the results to form a DISO device as discussed in Sec. III-D. Fig. 12 shows the DISO noise parameters obtained by using (25) and (28) to convert noise waves back into noise parameters. We can now predict T LNA for arbitrary Γ s . To validate T LNA obtained from the direct measurement method, we measure Γ AUT of the MWA antenna in the anechoic chamber and apply (30) . The measured |Γ AUT | is reported in Fig. 13 . Alternatively, (10) could be used with the extracted DISO noise parameters (Fig. 12) . Figure 14 shows the comparison of the LNA temperature (Γ s = Γ AUT ) obtained using two different methods measured at different times in different locations with independent calibration. It can be seen that overall T NP LNA and T DM LNA converge to each other which verifies the theory presented in Sec. III. 
V. UNCERTAINTY ESTIMATES
We perform Monte Carlo simulations to estimate the uncertainties in our measurements. The summary of the Monte Carlo simulation steps are as follows:
A. Direct Measure Monte Carlo Analysis 1) We take the resulting T LNA based on DISO noise parameters as correct and apply (1) to simulate measured P disp data. We add Gaussian noise with a standard deviation that matches the measured data. 2) Using Vector Network Analyzer Uncertainty Calculator provided by Keysight [34] , we obtain the uncertainty in our S-parameter measurements. The uncertainty calculator takes into account the model of the VNA, type of calibration kit, resolution bandwidth, number of averaging, and source power. The uncertainties depends on the reflection and transmission coefficient of the DUT. We apply the appropriate values to all measured Sparameters. 3) We perturb the T H at every trial based on the uncertainty reported on the certificate of calibration for our Agilent 346B ENR device (≈ 0.15 dB in our frequency range) which we treat as an offset across frequency. 4) Using the simulated data and perturbed S-parameters, we reprocess the data to obtain T LNA . This is repeated for 10000 trials. 5) Any unphysical outlier, i.e., |Γ AUT | > 1 is discarded. 6) We calculate the resulting mean and standard deviation.
The computed standard deviation is our uncertainty estimate.
B. DISO Monte Carlo Analysis
1) Apply similar steps as 1 to 3 described above to simulate the measurement of each SISO equivalent device. 2) We extract a using the simulated P disp for each SISO equivalent device. 3) We convert a into noise waves and combine them to form a DISO device. We discard unphysical noise waves and noise parameter outliers, e.g., negative average noise wave power, negative T min and/or negative N . 4) We use the noise parameters of the DISO device to compute T LNA attached to the AUT. This is repeated for 10000 trials. 5) We calculate the resulting mean and standard deviation. LNAs operating at the nominal bias point of V ds = 3 V and I ds = 60 mA. The simulation relies on S-parameters and noise parameters provided by the data sheet [17] . However, the noise parameters in the frequency range of interest are not available; the lowest frequency available is 500 MHz. AWR extrapolates the noise parameters to 50-350 MHz which may be acceptable as a starting point in engineering design. Fig. 15 shows that the measurement is generally well within the uncertainty estimates of the Monte Carlo simulation. However, the AWR extrapolated data are outside of the uncertainty estimates. Most notably, the AWR T min is consistently below the lower uncertainty estimates. Fig. 16 shows the resulting T LNA (Γ AUT ) based on the measurements, Monte Carlo simulation, and NI AWR simulation. We note the relative convergence of the measurements and the Monte Carlo simulations. The uncertainties for the direct measurement are slightly larger than the DISO method. This is summarized at the spot frequencies reported in Tab. I. Also notable is underestimation by a factor of ∼ 2 − 3 of the calculated noise temperature based on extrapolated noise parameters, which suggests that it is only a first-order estimate.
To identify the dominant uncertainty contributor, we run the Monte Carlo simulations with only one type uncertainty at a time. The results suggest that at low frequencies, the dominant contributor is Γ AUT for both methods. This is fully expected as |Γ AUT | approaches unity at low frequencies. At high frequencies, the dominant uncertainty contributor for the direct measurement is the uncertainty in ENR and the Sparameter uncertainty of the DUT, whereas for the DISO case, it is uncertainty in the ENR.
To gain insight into the interplay of the dominant uncertainty contributors in our measurement (which are Γ s , Sparameters of the DUT, and the ENR), we take (1) to be error-free and substitute them into (2) where G A and G RX P B contain uncertainty. After simplification, it can be shown that
where the quantities with. are dominated by uncertainties due to Γ s and S-parameters of the DUT in the case ofG A , and uncertainties due to ENR in the case ofG RX PB . Uncertainty in the ENR in % translates directly to uncertainty inG RX PB in %. Therefore, in the DISO method at high frequencies where
This ultimately sets the limit for the lowest measurable T LNA . For the direct measurement, the uncertainty inG A is approximately 3% at high frequencies which is comparable to the ENR uncertainty. Their contributions are equally dominant which explains the slight increase of the overall uncertainty. 
VI. CONCLUSION
We presented simple methods of measuring the noise temperature of a DISO LNA connected to an antenna at low frequencies (50-350 MHz). The direct method uses an anechoic chamber as an ambient noise source. The noise parameter extraction method combines the noise parameters from two SISO measurements obtained by terminating one unused input port. The DISO noise parameters are reconstructed from these results.
The convergence of the measurement results using the MWA DISO LNA and antenna suggests that both methods are reliable. Monte Carlo simulation suggests that the uncertainty of noise parameter extraction method is slightly better than the direct measurement and is limited by the uncertainty of (K)  60  1886±680  1413±1331  690  85  463±217  416±288  237  110  211±39  175±43  93  135  93±22  81±23  46  160  45±13  53±20  27  185  37±14  35±21  24  210  42±14  34±18  20  235  55±16  49±20  23  260  64±15  50±19  23  285  73±16  56±19  25  310  73±16  47±17  26 the ENR device. The noise parameter extraction method we present is a low-cost option using a long open circuit cable; however, the theory and measurement steps outlined here are fully applicable to any impedance tuners. Furthermore, we show that the DISO noise parameter extraction can be performed with one source tuner at a time which saves significant cost. Finally, we confirmed that the practice of using extrapolated noise parameters based on data sheet values is only a firstorder estimate. For the case of the MWA LNA, the simulation using extrapolated noise parameters from 500 MHz leads to noise underestimation of approximately a factor of two.
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APPENDIX
The purpose for this Appendix is to explain the emergence of (30) from (24) . In particular, we explain the need for the extra factor (1−|Γ s | 2 ) in the numerator of (30) . For a two-port device (port 1 input, port 2 output), (11) 
is the power delivered to Z L = Z 0 given that noise power density of kT 0 is delivered to Z in = Z 0 at the input. Therefore, to bring (39) in line with the F (Γ s ) formulas based on noise parameters [14] , [15] , we need to modify (41) such that kT 0 is the power available at the source. A source with available noise power density of kT 0 with source reflection coefficient Γ s delivers kT 0 (1 − |Γ s | 2 ) noise power density to Z in = Z 0 . With this correction, (39) becomes
